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Due to their low volumetric energy density at ambient conditions, both hydrogen and natural
gas are challenging to economically store onboard vehicles as fuels [1, 2]. One strategy to densify
these gases is to pack the fuel tank with a porous material [3]. Metal-organic frameworks (MOFs)
are tunable, nanoporous materials with large internal surface areas and show considerable promise
for densifying gases [1, 3–6]. The US Department of Energy (DOE) has set volumetric deliverable
capacity targets [7, 8] which, if met, would help enable commercial adoption of hydrogen/natural
gas as transportation fuels. Many have attempted to establish theoretical upper bounds on the
deliverable capacity via pressure-swing adsorption using simplified models of the gas-substrate and
gas-gas interaction [9–12]; none have established a rigorous upper bound on the deliverable capacity.
Here, we present a theoretical upper bound on the deliverable capacity of a gas in a rigid material
via an isothermal pressure-swing. To provide an extremum, we consider a substrate that provides
a spatially uniform potential energy field for the gas. Our bound is unique in that it directly relies
on experimentally measured properties of the (real) bulk gas, without making approximations. We
conclude that the goals set by the US DOE for room-temperature natural gas and hydrogen storage
are theoretically possible, but sufficiently close to the upper bound as to be impractical for any
real, rigid porous material. However, limitations to the scope of applicability of our upper bound
guide fuel tank design and future material development. Firstly, one could heat the adsorbent to
drive off trapped, residual gas in the adsorbent [9]. Secondly, the physics of our upper bound do
not pertain to any material that changes its structure in response to adsorbed gas, suggesting that
flexible materials could still satisfy the DOE targets [13–15].
I. INTRODUCTION
The transportation sector is dominantly powered by
petroleum-based fuels [16]. In the United States, it is re-
sponsible for 36% of energy-related carbon dioxide emis-
sions [17] and ∼50,000 premature deaths per year asso-
ciated with particulate matter and ozone emissions [18].
Natural gas and hydrogen (H2) are alternative trans-
portation fuels that emit fewer/less pollutants than
petroleum-based fuels, and thus their widespread adop-
tion could mitigate climate change [19] and improve air
quality for human health. Further, as the finite global
petroleum resources are declining rapidly [20], the de-
velopment of technologies for the widespread adoption
of sustainable transportation fuels, such as hydrogen, is
critical.
Natural gas, mostly methane, is considered a transi-
tion (to a renewable and clean) fuel because it emits 25%
less carbon dioxide [21] and fewer toxic byproducts [22]
upon combustion per unit energy produced compared
to gasoline. From an economic standpoint, the sup-
ply of natural gas in the United States is increasing as
a result of hydraulic fracturing and horizontal drilling
techniques [23]. A positive environmental outlook for
natural gas, however, is predicated on mitigating fugi-
tive emissions (methane is itself a potent greenhouse
gas) [24] and groundwater contamination [25] from hy-
draulic fracturing.
Hydrogen (H2) is the ultimate transportation fuel be-
cause it emits only water when it electrochemically re-
acts with oxygen in a fuel cell to power a vehicle. Cur-
rently, hydrogen (H2) is primarily produced by steam
reforming of natural gas followed by the water-gas shift
reaction, which emits carbon dioxide [26]. Notably, the
environmental allure of hydrogen is predicated on its
production via a renewable means, e.g. splitting water
using wind-generated electricity.
At ambient conditions, both methane and hydrogen
gas possess a very low volumetric energy density com-
pared to gasoline. Consequently, under storage space
constraints in passenger vehicles, natural gas and hydro-
gen must be densified for onboard storage to achieve a
reasonable driving range on a “full” tank of fuel. Tradi-
tional densification approaches are liquefaction, at cryo-
genic temperatures and atmospheric pressure, or com-
pression, at room temperature and high pressures. Both
approaches require expensive infrastructure at refilling
stations and significant energy input; e.g., the energy
input to liquify hydrogen is ∼30% of its energy con-
tent [27]. Moreover, high-pressure storage tanks are
heavy, thick-walled, and non-conformable, while cryo-
genic storage tanks are bulky, expensive, and afflicted
by boil-off losses [28].
A promising approach to densify natural gas [1, 4]
and hydrogen [5, 6] for vehicular storage at room tem-
perature is through physical adsorption in nanoporous
materials [3]. The internal surfaces of porous materi-
als attract gas molecules through van der Waals, elec-
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2trostatic, etc. interactions to achieve a higher adsorbed
gas density than the bulk gas at the same tempera-
ture and pressure, allowing for room temperature and
lower-pressure storage and alleviating many drawbacks
of high-pressure, low-temperature storage.
For a vehicle employing a porous material to store
natural gas or hydrogen, the (volumetric) deliverable
capacity of the gas is the primary thermodynamic prop-
erty that determines the driving range [1]. The ad-
sorbed gas storage tank delivers the gaseous fuel to the
engine via an (assumed) isothermal pressure swing [2].
The deliverable capacity (see Fig. 1b) is the density of
the gas in the material at the storage pressure pfull mi-
nus the residual gas that remains adsorbed at the lowest
pressure pempty such that sufficient flow is maintained
to feed the engine. For commercial feasibility, the US
Department of Energy (DOE) has set deliverable ca-
pacity targets for both adsorbed methane and hydro-
gen storage and delivery for vehicles. For methane, the
Advanced Research Projects Agency–Energy (ARPA-
E) set a deliverable capacity target of 315 L STP CH4
per L of adsorbent at 298 K using a 65 bar to 5.8 bar
pressure swing [7]. For hydrogen, the DOE set a series
of progressive targets at five year intervals, with the ul-
timate target of 0.05 kg H2/L [8] using a 100 bar to 5
bar pressure swing at a minimum of -40 ◦C [29]. Thus
far, despite the emergence of highly tunable materials
with large surface areas, such as metal-organic frame-
works [30], no porous material has met these deliverable
capacity targets.
To set realistic performance targets and optimally al-
locate research resources, in this work, we present a the-
oretical framework that places an intrinsic upper limit
on the deliverable capacity of any gas in a rigid porous
material and uses as input the experimentally measured
properties of the bulk gas. Our extremum is provided
by a substrate that offers a spatially uniform potential
energy field felt by the gas. Applying our framework
to methane and hydrogen gas, we find the US DOE
deliverable capacity targets for natural gas and hydro-
gen storage and delivery are theoretically possible, but
sufficiently close to the upper bound as to be impracti-
cal for any real, rigid porous material. Optimistically,
new paradigms outside the scope of applicability of our
theoretical framework, such as gas-induced structural
transitions of the material, hold promise for meeting
these targets, as evidenced by flexible MOF Co(bdp)
which currently boasts the largest methane deliverable
capacity [15].
II. GAS STORAGE & DELIVERY BY
ISOTHERMAL, PRESSURE-SWING
ADSORPTION
Consider a pressure vessel onboard a vehicle (i.e. fuel
tank) packed with porous material. At the filling stage,
the tank is connected to a (pure) gaseous reservoir at
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FIG. 1: Gas storage and delivery using metal-organic
frameworks (MOFs). (a) the crystal structure of an
archetype MOF, CuBTC [31]. (b) the methane
adsorption isotherm in CuBTC [31] at 298 K (blue)
(data from Ref. [1]). The deliverable capacity ρD is
illustrated as the density of gas in the MOF at the
storage pressure pfull minus the density at the
discharge pressure pempty.
pressure pfull and allowed to equilibrate. At this point,
the adsorbed gas tank is considered full. While driving,
gas desorbs from the adsorbent to the engine/fuel cell,
driven by a pressure differential. The tank is consid-
ered depleted/empty when the pressure has dropped to
pempty, the pressure at which the flow rate of gas from
the tank to the engine is insufficient. However, given
pempty 6= 0 (pulling vacuum), residual gas will remain
trapped in the adsorbent. Therefore, the driving range
of the vehicle is primarily determined by the deliverable
capacity of the gas in the material (see Fig. 1b): the den-
sity of gas at pfull minus that at pempty. The isothermal,
volumetric deliverable capacity is an intrinsic property
of the nanoporous material and its interaction with the
gas.
III. REVIEW OF PREVIOUS WORK
There has been considerable work attempting to es-
tablish an upper bound on the isothermal deliverable
capacity in pressure-swing adsorption.
Early work showed that, in the simplified Langmuir
3model, there exists an optimal free energy of adsorp-
tion (which determines the Langmuir constant) that
maximizes the deliverable capacity ρD [32–34]. If the
gas-substrate interaction is too weak (strong), too lit-
tle (much) gas adsorbs (is retained) at pfull (pempty),
diminishing ρD. An upper bound on the deliverable
capacity of a Langmuir material follows if each adsorp-
tion site is endowed with the optimal free energy of ad-
sorption. However, remaining is the question of how
many adsorption sites per volume a porous material can
practically offer, under the constraint that these adsorp-
tion sites provide the optimal free energy of adsorption.
Moreover, gas-gas attractions, neglected in the Lang-
muir model, could recruit more gas in the material at
pfull than at pempty and enhance the deliverable capac-
ity [34].
Go´mez-Gualdro´n et al. [10] introduced a model that
accounted for gas-gas interactions via an intermolecu-
lar potential and idealized the substrate in two differ-
ent ways: (1) discrete adsorption sites packed into an
FCC lattice and (2) a volume endowed with a spatially
uniform, background potential energy field. Accord-
ing to molecular simulation of methane adsorption, the
ARPA-E deliverable capacity target of 315 L STP/L
could be reached in both of these idealized substrates.
However, both models (i) neglect the space occupied
by atoms of the porous material that are needed to
endow the adsorption sites/volume with the attractive
potential energy and (ii) rely on a molecular model for
methane.
A third body of work incorporated both gas-gas
interactions and steric interactions of the gas with
the atoms of the porous material. Simulations of
methane adsorption in hundreds of thousands of ex-
plicit nanoporous crystal structures—both real and
hypothetical—suggested that the ARPA-E deliverable
capacity target is infeasible [7]; the highest simulated
methane deliverable capacity was 196 cm3 STP/cm3.
Confidence in this conclusion rests upon (i) the accuracy
of the intermolecular potentials describing the molecu-
lar interactions and (ii) the sufficient sampling of ma-
terial space, i.e. that the structures considered are rep-
resentative of the set of possible materials. To further
explore material space and address sensitivity to the in-
termolecular potentials: scaling the Lennard-Jones po-
tential well depths of material atoms to model enhanced
interactions [9], placing Lennard-Jones spheres in a unit
cell randomly to form “pseudo-materials” [11], and gen-
erating fictitious potential energy fields via a generative
adversarial network trained on zeolite structures [12]
all generated model substrates that failed to meet the
ARPA-E methane deliverable capacity target.
In this work, we place a rigorous upper bound on the
deliverable capacity of a pure gas in a rigid substrate
by endowing a control volume with a spatially uniform
background energy field. Instead of using a molecular
model for the gas [10], we use the experimental equation
of state to account for gas-gas interactions. In addition,
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FIG. 2: The density of bulk methane, the ideal gas,
and adsorbed gas in several porous materials at 298 K
as a function of chemical potential (bottom axis) and
pressure (top axis). The bulk methane density is from
the National Institute of Standards and Technology
(NIST) [35]. The methane adsorption isotherms in the
porous materials are experimental data from
Ref. [1, 36].
we prove using the calculus of variations that this spa-
tially uniform substrate yields a maximal deliverable ca-
pacity. We use our framework to place an upper bound
on the deliverable capacity of methane and hydrogen
gas.
IV. AN UPPER BOUND ON THE
DELIVERABLE CAPACITY OF A PURE GAS
IN A RIGID POROUS MATERIAL
We now develop a thermodynamic framework that
places an upper bound on the deliverable capacity of
any pure gas in a rigid porous material.
The thermodynamic properties of a bulk, pure gas
are characterized by an equation of state. Of particular
interest for gas storage and delivery is the density of the
gas ρg(µ, T ) as a function of chemical potential µ and
temperature T , is shown for methane gas in Fig. 2 at
T = 298 K. For comparison, we also show the density
of methane adsorbed into several porous materials.
To place an upper bound on the deliverable capacity,
consider a substrate whose sole interaction with the gas
is to introduce a spatially uniform potential energy Φ
for gas molecules in the control volume (where Φ < 0 for
an attractive potential). Because this interaction is uni-
form within the substrate, the gas-gas interactions and
thus fluid structure in such a substrate are identical to
those of the pure gas at the same density and temper-
ature. This allows us to obtain the adsorption prop-
erties of this model substrate using the experimentally
measured properties of the pure gas [35]. Intuitively,
4the deliverable capacity of a gas in such a homogeneous
substrate with the optimal potential energy is an upper
bound because, in a real material, (i) spatial inhomo-
geneity of the potential energy results in some points in
the control volume offering a suboptimal attraction for
the gas and (ii) the atoms required to create the poten-
tial field exclude gas from occupying a fraction of the
control volume.
The spatially uniform potential Φ representing gas-
substrate interactions behaves as an external potential
and effectively shifts the chemical potential (or, equiv-
alently, molar Gibbs free energy) of the gas in the ma-
terial, just as gravitational potential energy causes the
density of air to vary with altitude. Consequently, the
density of gas in our homogeneous substrate is:
ρ(µ, T ) = ρg(µ− Φ, T ). (1)
See Sec. SI A for a derivation.
The deliverable capacity of gas in our homogeneous
substrate is thus:
ρD(Φ, T ) = ρ(µfull, T )− ρ(µempty, T ), (2)
= ρg(µfull − Φ, T )− ρg(µempty − Φ, T ), (3)
where µfull and µempty are the chemical potentials corre-
sponding to the pressures pfull and pempty, respectively.
Thus, ρD for our homogeneous substrate as a function
of Φ is the difference between two shifted versions of
ρg(µ;T ). Figure 3 shows the two shifted bulk methane
density curves and their difference. The horizontal axis
is the difference in molar Gibbs free energy of the gas,
at fixed density (the density in the adsorbent) and tem-
perature, between the gas within the substrate and the
pure gas (∆gst), which is equal to Φ in our model, and
is pressure-dependent in a real crystal (see Sec. SI C).
We see a potential Φ that maximizes the deliverable
capacity of our ideal substrate, balancing the need to
maximize the density at pfull against the need to mini-
mize residual gas retained at pempty.
The optimal deliverable capacity of methane (298 K,
pfull = 65 bar, pempty = 5.8 bar) in our ideal, spatially
uniform substrate is 374 L STP/L, achieved for Φopt =
5.9 kJ/mol.
An essential question is whether our idealized sub-
strate, with spatially uniform potential Φopt for the gas,
places an upper bound on the deliverable capacity in all
rigid porous materials. In Section SI B, we show that
our idealized substrate with spatially uniform potential
Φopt yields an extremum of the deliverable capacity over
all possible static potential energy fields, provided the
gas does not crystallize at the temperature and in the
density range of interest. The potential energy field is
static if it is unaffected by the presence of the gas; con-
sequently, our model does not apply to flexible materi-
als that undergo gas-induced conformation changes [13].
We next argue that this extremum is a maximum by
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FIG. 3: The deliverable capacity of methane as a
function of the attractive Gibbs free energy |∆gst|.
Experimental deliverable capacities for several porous
materials (data from Ref. [1, 36]) are shown along with
the experimental values for ∆gst at the empty and full
pressures shown as dots connected by a line.
addressing two alternative possibilities: the extremum
could turn out to be (i) a saddle point or (ii) a local,
rather than global, maximum.
Fig. 3 clearly shows that Φopt provides a maximum ρD
over all spatially uniform, static potential energy fields.
To qualitatively argue that the spatially uniform poten-
tial Φopt provides a maximum deliverable capacity over
all (including non-spatially uniform) static potential en-
ergy fields (a broader claim), consider a non-spatially-
uniform variation on Φopt. The effect of this variation
is to reduce the deliverable capacity: At low adsorbed
gas densities, the lowest-energy positions will be pref-
erentially occupied, while at higher densities, the addi-
tional gas molecules will be forced into higher energy
locations. Thus, the mean attraction will be lowest at
pfull and highest at pempty. As a result, ∆gst increases
monotonically with pressure. As shown in Sec. SI D,
this results in the deliverable capacity of a non-uniform
potential with a given ∆gst at pfull or pempty being lower
than the deliverable capacity of a uniform potential with
Φ = ∆gst. Thus, a spatially uniform potential gives
the maximal deliverable capacity amongst all static po-
tential energy fields that give the same ∆gst, and the
optimal uniform potential Φopt will yield a greater deliv-
erable capacity over any static, non-uniform potential.
V. RESULTS
Although our theoretical framework allows us to place
an upper bound on the deliverable capacity of many
different gases in rigid porous materials, we focus on
the maximal deliverable capacity of methane and hy-
drogen gas in our homogeneous substrate due to their
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FIG. 4: Deliverable capacity of hydrogen at room
temperature as a function of the attractive Gibbs free
energy |∆gst|. Experimental deliverable capacities for
several porous materials (data from Ref. [1, 6]) are
shown along with the experimental values for ∆gst at
the empty and full pressures shown as +’s connected
by a line.
application as transportation fuels. To characterize the
density of the gases, ρg(p, T ), we use experimental data
from NIST [35], which naturally includes quantum ef-
fects that particularly affect hydrogen at low temper-
ature [37]. In the context of storage onboard passen-
ger vehicles, we compare our upper bound with several
prominent porous materials using experimental adsorp-
tion isotherms from the literature; we also compare with
deliverable capacity targets set by the US DOE.
Figure 3 shows the upper bound for methane stor-
age at room temperature (374 cm3 STP/cm3). In
addition to the predicted maximum deliverable ca-
pacity as a function of Φ, the ARPA-E target of
315 cm3 STP/cm3 [38] is shown for context. For an
adsorbent with at least 84% void fraction, the ARPA-E
target is theoretically possible. The experimental de-
liverable capacities of several adsorbents [1] are also
shown over a range of ∆gst (converted from the mea-
sured adsorption isotherm as explained in Sec. SI C).
For context, the highest observed deliverable capacity
for methane at room temperature in a rigid material is
208 cm3 STP/cm3 [7].
Storage of hydrogen is considerably more challeng-
ing owing to its relatively weak interaction with adsor-
bents. For room temperature storage, the DOE ULTI-
MATE deliverable capacity target [39] is within 6% of
the upper bound. Figure 4 shows the theoretical up-
per bound curve for hydrogen storage along with ex-
perimental measurements for known adsorbents. The
DOE ULTIMATE deliverable capacity target is theo-
retically possible, however by such a small margin that
we can safely rule out the possibility of reaching this
target through storage and delivery of hydrogen in any
rigid substrate at room temperature. Such a material
would require a void fraction of at least 94%. On top of
this, the DOE ULTIMATE target requires an optimal
|∆gst| of 10 kJ/mol which is far greater than what is
found in observed porous materials. This reflects the
known fact that hydrogen interacts with substrates far
more weakly than methane does. One possibility that
has been pursued is storage at cryogenic temperatures.
See Section SI E in the SI for the upper bound for hy-
drogen storage at 77 K.
Why do we not experimentally observe materials ap-
proaching the upper bound on the deliverable capacity?
Foremost, any adsorbent substrate will be composed of
atoms, which will exclude the gas from some volume.
Due to strong short-range interactions, substrate atoms
must be approximately uniformly distributed to achieve
strong attraction for gas atoms, imposing a limit on the
pore volume. In contrast, real materials have a spatially
non-uniform attraction for gas atoms. As a result, there
are regions of space with non-optimal attraction. For
hydrogen, there is the further issue that there are no
known physical interactions that are sufficiently strong
to give an optimal deliverable capacity at room temper-
ature.
VI. CONCLUSION
We have established an upper bound on the deliv-
erable capacity via pressure-swing adsorption in rigid
porous solids based on experimentally measured prop-
erties of pure gases. While these upper bounds do
not rule out the discovery of materials that reach cur-
rent DOE targets for room temperature hydrogen and
methane storage, they cast strong doubt on the pos-
sibility of achieving these goals when we consider the
additional constraints imposed due to steric hindrance
between substrate atoms and the adsorbate. Our upper
bound does indicate that those goals cannot be exceeded
by more than 16% for methane and 6% for hydrogen.
Fortunately, there are some limitations to these upper
bounds which suggest avenues for future developments.
The first limitation of our proof is that we restricted
ourselves to isothermal pressure swing storage (which is
consistent with the targets set by DOE). By raising the
temperature of the adsorbent during gas discharge to
drive off residual gas [9], the deliverable capacity could
be enhanced, albeit at the cost of a more complicated
engineering design of the fuel tank and vehicle.
The second limitation of our proof arises in the as-
sumption of a rigid substrate. The rigid substrate
acts as a static potential energy field for gas molecules
that is unchanged by the adsorption of gas. For most
porous materials this is a reasonable approximation,
and this assumption is frequently made in both the
simulation and theory of porous materials [40]. How-
ever, there are cases where the substrate can provide a
very strong gas-density-dependent interaction through
6structural flexibility [13]. A flagship example is MOF
Co(bdp) [14], which possesses a wine-rack-like topol-
ogy capable of hinge motion. At low methane pressure,
Co(bdp) adopts a collapsed, nonporous state, but ex-
pands to a porous state and fills with gas at higher
pressures [15]. This allows Co(bdp) to fully expel its
residual gas at low pressures. Flexible materials could
have significantly higher deliverable capacities, as our
upper bound does not pertain to them.
We note that our upper bound can readily be ap-
plied to the storage of other gasses of interest, with
the proviso that the gas is far from crystallization.
Our code is available at https://github.com/Jordan-
Pommerenck/isothermal-gas-adsorption.
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8Appendix SI A: An external, spatially uniform
potential Φ shifts the chemical potential µ of the
gas
We show that imposing an external, spatially uni-
form potential Φ to a gas has the effect of shifting the
chemical potential µ of the gas, recovering eqn. 1. Con-
sider a control volume Ω with volume V = |Ω| (large
enough to neglect boundary effects) that is endowed
with the external, spatially uniform potential Φ. Im-
pose the grand-canonical ensemble, where this control
volume can exchange energy and particles with a bath
of gas at temperature T and chemical potential µ.
To denote a microstate of this system, let N be
the number of gas particles in the control volume and
r1, ..., rN be their positions. Then, the potential energy
E of a microstate of the control volume is:
E(r1, ..., rN ) = NΦ + Egg(r1, ..., rN ), (SI A1)
where Egg is the (unknown and complicated) inter-
atomic potential for gas-gas interactions that governs
the (real) gas properties. The first term arises from
each gas molecule experiencing the external potential
Φ, where Φ < 0 corresponds to attraction. To account
for molecular rotational and vibrational degrees of free-
dom, we could treat the positions ri as the locations of
atoms rather than molecules. In this case the gas-gas in-
teractions will include both intra-molecular interactions
and inter-molecular interactions.
The grand canonical partition function of the control
volume is:
Ξ(µ, V, T ) =
∞∑
N=0
1
Λ3NN !
∫
Ω
· · ·
∫
Ω
e−βEgg(r1,...,rN )eβ(µ−Φ)Ndr1 · · · drN .
(SI A2)
We recognize this as the grand canonical partition func-
tion of the bulk gas in the control volume without the
external potential, but shifted in chemical potential:
Ξ(µ, V, T ) = Ξ0(µ− Φ, V, T ) (SI A3)
where Ξ0(µ, V, T ) is the grand partition function of the
bulk gas in the control volume in the absence of an ex-
ternal potential. Importantly, this equivalency depends
on the potential Φ being spatially uniform. Therefore,
the thermodynamic properties of the gas atoms in the
spatially uniform external potential Φ (adsorbed in our
idealized substrate) are equivalent to the properties of
the bulk gas at chemical potential µ − Φ (where T is
held fixed). As Φ becomes more negative, correspond-
ing to a more attractive adsorbent, the thermodynamic
properties of the adsorbed gas in our ideal substrate are
equivalent to the gas at a higher chemical potential.
Appendix SI B: Proof of extremum
To show that a uniform potential gives the highest
deliverable capacity, we consider an interaction poten-
tial between gas and substrate Φ(r) that varies in space.
In this proof, we make use of the Fourier transform of
this potential:
Φ˜(k) ≡
∫∫∫
Φ(r)e−ik·rdr (SI B1)
The Fourier transform of a uniform potential is a Dirac
delta function Φ˜(k) ∝ δ(k). In order for a uniform
potential to extremize the deliverable capacity, we must
show that the functional derivative of the deliverable
capacity with respect to Φ˜(k) is zero for nonzero values
of k, i.e.
δD
δΦ˜(k)
= 0, if k 6= 0. (SI B2)
We note that this functional derivative may be non-zero
for k = 0 because we separately maximize with respect
to the particular uniform potential Φ. This means that
δNfull
δΦ˜(k)
=
δNempty
δΦ˜(k)
(SI B3)
where Nfull and Nempty are the number of particles at
the full and empty pressure, pfull and pempty, respec-
tively.
Because the chemical potential µ varies monotonically
with N at fixed temperature, we can consider how the
chemical potential varies as we change Φ˜(k) with the
number of molecules held fixed. We demonstrate this
using the cyclic chain rule, which shows us that
(
δN
δΦ˜(k)
)
µ
= −
(
δµ
δΦ˜(k)
)
N
(
∂N
∂µ
)
Φ˜(k)
. (SI B4)
Since changing the chemical potential changes the num-
ber of molecules in the general case, if we can show
that
(
δµ
δΦ˜(k)
)
N
= 0 then we will have shown that(
δN
δΦ˜(k)
)
µ
= 0. Thus we consider
(
δµ
δΦ˜(k)
)
N
=
(
δ
(
∂F
∂N
)
V
δΦ˜(k)
)
N
(SI B5)
=
∂
(
δF
δΦ˜(k)
)
V
∂N

V
(SI B6)
where we have made use of the derivative relationship
between µ and the Helmholtz free energy F , and have
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FIG. S1: Cartoon illustrating the definition of ∆gst.
For a given adsorbent and gas, ∆gst=∆gst(ρ, T ) is
defined as the difference in chemical potential between
the adsorbed gas system and bulk gas system when
both exhibit the same density ρ and temperature T .
then reordered the functional and partial derivatives.
Let us consider the interior derivative first. The deriva-
tive of the Helmholtz free energy with respect to the
external potential Φ˜(k) yields the number density:
δF
δΦ˜(k)
= ρ(k) (SI B7)
The number density is itself spatially uniform for any
stable system in a fluid state at this density (i.e. does
not spontaneously crystallize), and thus has a Fourier
transform that is proportional to a Dirac δ-function.
Thus, the functional derivative δFδΦ(r) is actually a uni-
form function. We can insert this expression into
Eq. SI B6 to find that
(
δµ
δΦ˜(k)
)
N
∝ δ(k) (SI B8)(
δN
δΦ˜(k)
)
µ
∝ δ(k) (SI B9)
Thus, the functional derivative of both µ and N with
regard to Φ(r) are themselves spatially uniform. Since
we already maximize D with respect to the spatially
uniform component of the potential (i.e. k = 0), the
derivative of D with respect to any change of potential
is zero.
This demonstrates that a spatially uniform potential
leads to an extremum value of the deliverable capacity.
This proof is insufficient, however, to show that it must
be a true maximum.
Appendix SI C: The real-substrate analog of Φ is
∆gst
The parameter describing our idealized substrate is
Φ, the spatially uniform potential felt by a gas molecule
adsorbed in the idealized substrate. A natural ques-
tion is how this potential relates to the properties of
real substrates. The effect of Φ in our model is to shift
the chemical potential µ of the gas (see Sec. SI A). Be-
cause our ideal substrate shifts the chemical potential of
the gas molecules by providing a spatially uniform po-
tential energy field, the entropy of the gas in the ideal
substrate is equal to the entropy of the gas in its bulk
state at the same density and temperature. In contrast,
a real substrate provides a non-spatially uniform poten-
tial. Consequently, the entropy of the gas inside a real
substrate is not equal to the entropy of the bulk gas at
the same density and temperature. Therefore, the pa-
rameter analogous to Φ in a real substrate will involve
both energy and entropy. The real-substrate analog of
Φ is the shift of molar Gibbs free energy provided by the
substrate, specifically an isosteric (or constant-density)
shift of the Gibbs free energy:
∆gst(ρ, T ) ≡ µads(ρ, T )− µgas(ρ, T ). (SI C1)
The isosteric Gibbs free energy difference ∆gst is the dif-
ference in molar Gibbs free energy (equivalent to chem-
ical potential) between the adsorbed gas system and
the bulk gas with the same density of gas molecules.
The quantity ∆gst does not correspond to a change in
the molar Gibbs free energy as a molecule is adsorbed,
which is zero under conditions of coexistence. The quan-
tity ∆gst in a real substrate is a direct analog to Φ in
our ideal substrate because it is the chemical potential
shift needed to impose on the bulk gas in coexistence
with the real substrate to achieve the same density as
in the substrate (compare with eqn. SI A3). Figure S1
illustrates a hypothetical experiment to measure ∆gst
via a piston with a removable partition that separates a
volume of free space from the same volume of substrate.
Note that ∆gst is a property of both the substrate and
the identity of the gas. Because real substrates offer
a non-spatially uniform potential, ∆gst(ρ, T ) is a func-
tion of ρ and T , unlike our ideal, homogenous substrate
where ∆gst(ρ, T ) = Φ. Consequently, throughout this
article, we show ∆gst(ρ, T ) for real substrates at both
conditions relevant to gas storage and delivery, pfull and
pempty.
In practice, we can readily compute ∆gst(ρ, T ) of a
real gas/substrate system from (i) the (experimental
or simulated) equilibrium adsorption isotherm of the
gas in the substrate and (ii) the (experimental or sim-
ulated) chemical potential of the bulk gas. Consider
the real substrate in thermodynamic equilibrium with
a bulk gas at fixed temperature T and pressure p, and
let ρ = ρ(p, T ) be the density of gas in the substrate.
At coexistence, the chemical potential of the bulk gas
is equal to the chemical potential of the adsorbed gas
in the substrate. Thus, we can use the experimentally
known molar Gibbs free energy of the pure, bulk gas
system at temperature T and pressure p to determine
the molar Gibbs free energy of the adsorbed system:
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FIG. S2: Relationship between ∆gst and the isosteric
heat qst for several prominent adsorbents at room
temperature (data from Ref. [1, 6]). The dots
represent the properties of methane adsorption at
5.8 bar and 65 bar. The +’s represent the properties of
hydrogen adsorption at 5 bar and 100 bar.
µads(ρ, T ) = µgas(p, T ). We can then also look up the
known chemical potential of the bulk gas at the same
density and temperature as in the substrate, µgas(ρ, T ).
Via eqn. SI C1, ∆gst follows from subtracting the two
quantities.
An interesting question is how ∆gst relates to the
commonly measured and reported isosteric heat of ad-
sorption qst, which is roughly the energy change when
a gas molecule is adsorbed [41, 42]. Figure S2 shows
how qst compares to ∆gst for several prominent adsor-
bents. In every case, |qst| > |∆gst| because the gas in
the adsorbent always has less entropy than the gas in
the bulk at the same density and temperature. That is,
while adsorption is energetically favored, it is entropi-
cally disfavored due to the restrictions imposed on the
configuration of the gas molecules via steric interactions
with the substrate itself; this counters the energetic at-
traction.
Appendix SI D: An upper bound when ∆gst(ρ) is
monotonic
Every adsorbent has a ∆gst at pfull and pempty corre-
sponding to a full and empty density, ρfull and ρempty,
respectively. The deliverable capacity of the adsorbent
is equal to the difference between the full and empty
density. Examining Fig. S3, we see that a significant
variety of known experimental ∆gst curves are mono-
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FIG. S3: The density-dependence of ∆gst of methane
in several adsorbents (298 K). Note that ∆gst is
monotonic in ρ. Data from Refs. [1, 36].
tonic. Furthermore, our qualitative argument in Sec-
tion IV suggests that this function should monotonically
increase for rigid substrates, as increasing the density
of gas causes some of the gas to reside in higher-energy
sites. If this is always the case, the deliverable capacity
of a real material (with a non-spatially uniform poten-
tial) with a given ∆gst at pfull or pempty is bounded
below by the deliverable capacity in our idealized sub-
strate with Φ = ∆gst, even for a value of Φ that is not
optimal.
To show this, we perform a thought experiment illus-
trated in Fig. S4. We begin with two pairs of volumes.
Two of these volumes contain a real adsorbent mate-
rial. These adsorbent volumes are connected to bulk gas
reservoirs at pfull and pempty respectively, and by defini-
tion contain gas at density ρfull and ρempty. The other
two volumes volumes contain gas at a density equal to
the two adsorbent volumes (ρfull and ρempty), but con-
tain our idealized substrate with uniform potential en-
ergy Φ.
We now consider what happens if we open a diffu-
sive connection between a volume of adsorbent and a
volume with an idealized substrate that initially con-
tain the same density of gas, for instance by connecting
them with a tube. If the chemical potential in the ide-
alized substrate is higher than in the porous material,
then gas will flow out of the idealized substrate, low-
ering its density. Conversely, if the chemical potential
is lower in the idealized substrate than in the volume
of porous material, then gas will flow into the ideal-
ized substrate, increasing its density. The difference in
chemical potential between those two volumes is
∆gst(ρ)− Φ = (µads(ρ)− µgas(ρ))− (µΦ(ρ)− µgas(ρ))
(SI D1)
= µads(ρ)− µΦ(ρ). (SI D2)
where µads(ρ) and µΦ(ρ) are the chemical potentials of
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adsorbent idealsubstrate
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reservoir
FIG. S4: A bulk gas reservoir is connected to a volume
filled with adsorbent material (green/blue: material
atoms, red: gas particles). The adsorbent is also
connected, but with a closed valve, to an equal volume
containing the ideal substrate (shaded blue
background represents the uniform potential energy
field Φ) with an equal density of gas as in the
adsorbent. The top (bottom) shows a realization of
this connected system where the pressure of the bulk
gas is pfull (pempty), and thus the density of gas in the
adsorbent is ρfull (ρempty) by definition. The
deliverable capacity of the adsorbent is ρfull − ρempty.
We can determine if the deliverable capacity of gas in
the ideal substrate is lower or higher than in the
adsorbent by considering what happens when we open
the valves connecting the two pairs of volumes
containing adsorbent and the ideal substrate.
gas in the porous material and ideal substrate with po-
tential Φ, respectively. Thus if ∆gst(ρempty) = Φ, the
low-density containers will remain at their initial den-
sity after they are connected. Thus, the deliverable ca-
pacity of the adsorbent will be greater than the deliver-
able capacity of the ideal substrate with uniform poten-
tial Φ if and only if ∆gst(ρfull) < Φ, i.e. if ∆gst(ρ) does
not monotonically increase, since then the gas in the
high-density system will flow from the ideal substrate
to the adsorbent. By the same token, if we consider
the case where ∆gst(ρfull) = Φ, then for the adsorbent
to achieve a greater deliverable capacity than the ide-
alized substrate, the adsorbent must have less residual
gas, which means that gas must spontaneously flow from
the low-density adsorbent to the volume with potential
Φ, which means that ∆gst(ρempty) > Φ. Once again,
exceeding our upper bound requires a material with a
∆gst(ρ) that does not increase monotonically.
Taken together, this indicates that not only is our
absolute upper bound an upper bound for rigid adsor-
bents, but the green curve labeled ρD(∆gst) in Figs. 3,
4, and S5 is an upper bound for materials with a non-
optimal ∆gst at either pfull or pempty.
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FIG. S5: Deliverable capacity of hydrogen at 77 K as a
function of the attractive Gibbs free energy ∆gst.
Experimental deliverable capacities for several porous
materials (data from Ref. [6]) are shown along with
the experimental values for ∆gst at the empty and full
pressures shown as +’s connected by a line.
Appendix SI E: Cryogenic hydrogen storage
One approach to increase the deliverable capacity is
to reduce the storage temperature. This is illustrated in
Fig. S5, which shows the upper bound to the deliverable
capacity of hydrogen at 77 K, the boiling point of ni-
trogen. The DOE ULTIMATE target in this case looks
far more achievable, and with a much lower |∆gst|. In
fact, an empty tank at this temperature can satisfy the
DOE 2020 target. The DOE ULTIMATE target is 14%
below the upper bound. Actual adsorbents fall far short
of the theoretical maximum.
